Preprint

FURTHER RESULTS ON SUMS OF SQUARES
HAI-LIANG WU AND ZHI-WEI SUN
Abstract. The well-known Lagrange's four-square theorem states that any integer n ∈ N = {0, 1, 2, ...} can be written as the sum of four squares. Recently, Z.-W. Sun investigated the representations of n as x 2 + y 2 + z 2 + w 2 with certain linear restrictions involving the integer variables x, y, z, w. In this paper, via the theory of quadratic forms, we further study the representations n = x 2 + y 2 + z 2 + w 2 (resp., n = x 2 + y 2 + z 2 + 2w 2 ) with certain linear restrictions involving primes. For example, we obtain the following results:
(i) Each positive integer n > 1 can be written as x 2 + y 2 + z 2 + 2w
2 (x, y, z, w ∈ N) with x + y prime.
(ii) Every positive integer can be written as x 2 + y 2 + z 2 + 2w
2 (x, y, z, w ∈ N) with x + 2y prime.
(iii) Let k be any positive integer, and let d ≥ 2 k−1 be an odd integer with 4d
2 + 1 prime. Then any sufficiently large integer can be written as x 2 + y 2 + z 2 + 2w 2 (x, y, z, w ∈ N) with x + 2dy = p k for some prime p.
Introduction
In 1770, Lagrange proved that any natural number n can be written as the sum of four squares. This celebrated result now is well known as Lagrange's four-square theorem, and the readers may consult [6] for more details. Motivated by this, many mathematicians have studied problems involving sums of squares. Ramanujan [14] claimed that there are 55 candidates of positive definite integral diagonal quaternary quadratic forms that represent all positive integers. Then in [2] , Dickson pointed out that the quaternary form x 2 +2y 2 +5z 2 +5w 2 included in Ramanujan's list represents all positive integers except 15 and confirmed that Ramanujan's assertion for all the other 54 forms is true. Along this line, there are lots of research work on universal integral quadratic polynomials (a quadratic polynomial is said to be universal if it represents all natural numbers over Z), see, e.g., the recent paper of Sun [18] .
In contrast with the above, we may also consider the quadratic equation
f (x 1 , x 2 , ..., x k ) = n.
If it is solvable over Z (or N), can we find a particular solution (x 1 , x 2 , ..., x k ) ∈ Z k (resp. N k ) satisfying some given algebraic conditions? A typical example of this question is the following Cauchy's Lemma (cf. [12, p. 31] ). Cauchy's Lemma. Let n and m be positive odd integers with m 2 < 4n and 3n < m 2 + 2m + 4. Then there exist s, t, u, v ∈ N such that
Let P (x, y, z, w) be a polynomial in Z[x, y, z, w] and let S be a given subset of N (e.g., the set of squares, or the set of primes). The second author [16] investigated the equation
For example, he proved that for each natural number n there exist x, y, z, w ∈ N such that n = x 2 +y 2 +z 2 +w 2 and x 4 +8y 3 z +8yz 3 is a square. Moreover, he [16] would like to offer $1350 (USD) for the first solution of his following conjecture.
1-3-5 Conjecture (Sun [16] ). Any n ∈ N can be written as x 2 +y 2 +z 2 +w 2 (x, y, z, w ∈ N) with x + 3y + 5z a square.
This conjecture has been verified for n up to 10 10 by Q.-H. Hou at Tianjin
Univ. Here we list some progress on this conjecture.
• Y.-C. Sun and Z.-W. Sun [15, Theorem 1.8] used Euler's four-square identity to show that any n ∈ N can be written as
with x, y, 5z, 5w ∈ Z such that x + 3y + 5z is a square.
• In [19, Theorem 1.2] , with the help of half-integral modular forms, we proved that there is a finite set A of positive integers such that any sufficiently large integer not in the set {16 k a : a ∈ A, k ∈ N} can be written as x 2 +y 2 +z 2 +w 2 with x, y, z, w ∈ Z and x+3y+5z ∈ {4 k : k ∈ N}.
In this paper, we focus on the representations n = x 2 + y 2 + z 2 + w 2 (or
2 ) with some additional linear restrictions on the variables x, y, z, w. Before stating our results, we first recall the following known fact: Each number in the set {4 r × 2, 4 r × 6, 4 r × 14 : r ∈ N} has only a single partition into four squares (cf. [6, p. 86] ), namely,
On the other hand, any integer of the form 4 r (8l + 7) (k, l ∈ N) cannot be written as the sum of three squares. Therefore, for any a, b, c, d ∈ N with a 2 +b 2 +c 2 +d 2 = 0, there does not exist a finite subset S of N such that any sufficiently large integer n can be written as x 2 +y 2 +z 2 +w 2 (x, y, z, w ∈ N)
with ax + by + cz + dw ∈ S.
In view of this fact, we turn to study the representations of n ∈ N by x 2 + y 2 + z 2 + 2w 2 with certain additional linear restriction. 2 (x, y, z, w ∈ N) such that p = x + 2y + 5z, p − 2, p + 4 and p + 10 are all prime.
Next we consider the restrictions x + y and x + w.
Corollary 1.3. (i)
For any positive integer n > 1, there are x, y, z, w ∈ N and a prime p such that n = x 2 + y 2 + z 2 + 2w 2 and x + y = p.
(ii) Any positive integer n > 2 can be written as x 2 + y 2 + z 2 + 2w 2 with
x + w prime. x + y + 2z + 2w = λ.
(ii) Each integer n ≥ λ 2 /16 can be written as x 2 + y 2 + z 2 + 2w 2 with
The second author [17] obtained the following identity:
With the help of this identity, he proved that any n ∈ N can be written as
2 (x, y, z, w ∈ Z) with x + y + z + w a square (or a cube).
In this paper, using a new method, we prove a stronger result. Theorem 1.3. Let λ be any integer not divisible by 7. Then, for any δ ∈ {0, 1} and any integer n λ 2 /7 with n ≡ λ (mod 2 1+δ ), there are x, y, z, w ∈ Z such that
To state more results, we need to introduce some notations. For any positive integers j, k, l we set
Theorem 1.4. Let k be a positive integer. We have the following results.
(i) Any odd integer n > c k (3, 4) can be written as
(x, y, z, w ∈ N) with x + y + z + w = p k for some prime p. Also, any even integer n > a k (3, 2) with n ≡ 2 (mod 4) can be written as
(ii) Any each odd integer n > c k (5, 6) can be written as
2 (x, y, z, w ∈ N) with x + y + 2z + 2w = p k for some prime p. Also, each even integer n > a k (5, 6) with 4 | n can be written as
2 (x, y, z, w ∈ N) with x + y + 2z + 2w = (2b) k for some b ∈ N.
(iii) Each odd integer n > c k (5, 4) can be written as
2 (x, y, z, w ∈ N) with x + y + z + 3w = p k for some prime p. Also, any even integer n > a k (5, 4) can be written as
2. Proofs of Theorem 1.1 and corollaries 1.2-1.3
In this section, we will use the theory of quadratic forms to prove Theorem 1.1 and corollaries 1.2-1.3. For convenience, we will adopt the language of both classical quadratic forms and lattice theory. Any unexplained notations can be found in [1, 10, 13] .
Let Ω be the set of all places of Q and J Q be the set of ideles of Q. Moreover, let θ denote the spinor norm map. For a positive definite lattice L, set
We first need the following well known result involving the number of spinor genera in a given genus (cf. [10, Theorem 6.3.1]).
Lemma 2.1. Let notations be as the above. If rank(L) ≥ 3, then the number of proper spinor genera in gen(L) is equal to the index
On the other hand, we also need some analytic theory of quadratic forms. Let f be a positive definite integral ternary quadratic form. Suppose that there is only a single spinor genus in gen(f ). Let Aut(f ) denote the group of integral isometries of f . For n ∈ N, set
(where #S denotes the cardinality of a finite set S), and let
where the summation is over a set of representatives of the classes in gen(f ). It is well known that the theta series
(with z in the upper half plane) is a modular form of weight 3/2. According to W. Duke and R. Schulze-Pillot's outstanding work [7] , if we write
is an Eisenstein series, and θ f − θ gen(f ) is a cusp form whose Shimura's lift is also a cusp form. By the work of W. Duke [4] , for any ε > 0, the n-th Fourier coefficient of the cusp form θ f − θ gen(f ) is (ineffectively) ≪ n 1/2−1/28+ε . On the other hand, if n ∈ N is represented by gen(f ) and n has bounded divisibility at each anisotropic prime, then by [7, Lemma 5] , r(gen(f ), n) ≫ n 1/2−ε . This implies the following result.
Lemma 2.2. Let f be a positive definite integral ternary quadratic form. Suppose that there is only a single spinor genus in gen(f ). For an integer n, if n can be represented by gen(f ) and n has bounded divisibility at each anisotropic prime, then n can be represented by f provided that n is sufficiently large.
We also need the following result on the distribution of primes in intervals.
] contains at least one prime.
Proof of Theorem 1.1. Set 1 + 4d 2 = q with q ≡ 5 (mod 8), and set f (x, y, z) = x 2 + qy 2 + 2qz 2 . For any prime r not dividing 2q, f (x, y, z) is unimodular in Z r (where Z r denotes the set of r-adic integers) and hence f can represent all r-adic integers over So we have Z
there is a y ∈ Q × such that y · i v ∈ Z × v for each finite place v and y · i ∞ > 0. By Lemma 2.1, it is easy to see there is a single spinor genus in gen(f ).
Let
n is large enough, we may assume that the length of the interval I is greater than n 1/2k /2ln 2 (n 1/2k ) and n 1/2k > max{1 + 4d 2 , 3275}. Thus, by Lemma 2.3, there is a prime p ∈ I with p > q = 1 + 4d 2 . Now we consider the number c(n, p) := (1+4d 2 )n−p 2k . By the above discussion, we see that f (x, y, z) can represent all r-adic integers over Z r whenever r is a prime not equal to q. When r = q, note that q ≡ 1 (mod 4) and q ∤ p, thus −p 2 is a quadratic residue modulo q. By Hensel's Lemma, it is easy to see that f (x, y, z) can represent c(n, p) over Z q . Moreover, note that by the above assumption we have c(n, p) ≥ 0. In sum, we have c(n, p) can be represented by gen(f ) and c(n, p) has bounded divisibility at q (it is easy to see that the only anisotropic prime of f is q). Hence, when n is sufficiently large, by Lemma 2.2 and the fact that (−2dp
Hence we may write s + 2dp k = (1 + 4d 2 )y with y ≥ 0, then we have
with y, z, w ∈ N. This implies that
Furthermore, we have
This implies that x := p k −2dy ≥ 0. Then by (2.1), there exist x, y, z, w ∈ N and a prime p such that n = x 2 + y 2 + z 2 + 2w 2 with x + 2dy = p k . This completes the proof. Proof of Corollary 1.2. Using the notations in the proof of Theorem 1.1.
For n ∈ {1, 2, · · · , 25}, via computation, it is easy to verify our result. Suppose now that n > 25. It is easy to see that 
Hence we can write s = 2y − p with y ∈ N. And we have
This implies that
Moreover, note that
Then the desired result follows from (2.2).
(2) Let h(x, y, z) = x 2 + 3y 2 + 3z 2 , and let I 2 = [ √ n, 3n/2]. When n ∈ {3, · · · 3275 2 }, with the help of computer, it is easy to verify the result.
Suppose now n > 3275 2 . By computation and Lemma 2.3, we see that the interval I 2 contains at least one prime p > 3. By [3, pp. 112-113], h(x, y, z) is a regular form which can represent 3n − 2p 2 . Thus 3n − 2p 2 = h(s, y, z) for some s ∈ Z and y, z ∈ N. Changing the sign of s if necessary, we assume that s ≡ −p (mod 3). Since
we may write s = 3w − p with w ∈ N. And we have
This gives
In addition, note that
Clearly the desired result follows from (2.3) 
By the above discussion, it is easy to see that a 1 , b 1 , c 1 ∈ Z. Then we have 80n − 5λ 2 = a 
In view of the above, we complete the proof. By changing the sign of x 1 if necessary, without loss of generality, we may assume that x 1 ≡ λ (mod 4). At this time, (3x 1 − λ)/2 is an odd integer. Thus by changing the sign of x 3 if necessary, we may assume that x 3 ≡ (3x 1 − λ)/2 (mod 4). Note that the identity:
with a, b, c satisfying the desired conditions. This completes the proof.
Proof of Theorem 1.2. (i) Let λ be a fixed positive odd integer. When n ≥ λ 2 /8, by Lemma 3.2, we can write 88n − 11λ
with a, b, c satisfying the congruence conditions described in Lemma 3.2.
Thus there exist an r ∈ {0, 1, ..., 10} such that a ≡ λ − 16r (mod 8) and a ≡ λ − 16r (mod 11). By Chinese Remainder Theorem, we may write a = 88s + λ − 16r with s ∈ Z. Since a + 5b ≡ 0 (mod 11), there exist a t ∈ Z such that b = 11t + 2λ + r. Moreover, as c is odd, we may set c = 2u − λ with u ∈ Z. Hence, we have the identity:
Let x = λ + s + 2t − u, y = s + 2t + u, z = r − 6s − t, w = −r + 5s − t. By (3.2), we have n = x 2 + y 2 + z 2 + 2w 2 and x + y + 2z + 2w = λ. This completes the proof of (i) of Theorem 1.2.
(ii) Given a positive odd integer λ, when n > λ 2 /16, by Lemma 3.1, there exist a, b, c ∈ Z such that 80n − λ 2 = a 2 + 10b 2 + 16c 2 and a, b, c satisfy the congruence conditions described in Lemma 3.1.
Thus there exist an r ∈ {0, 1, 2, ..., 9} such that a ≡ 7λ + 8r (mod 16) and a ≡ λ + 8r (mod 5). Then by Chinese Remainder Theorem, we may set a = 80s + 7λ + 8r with s ∈ Z. Since c + 2a ≡ 0 (mod 5), thus there exist a u ∈ Z such that c = 5u+λ−r. On the other hand, as a+2b ≡ 9λ (mod 16), we may set b = 8t + λ − 4r with t ∈ Z. Hence, we have the identity: 80n − 5λ 2 = (80s + 7λ + 8r) 2 + 10(8t + λ − 4r)
This implies that n = (λ + 7s + t + u) 2 + (−r − 2s + 2t − u) 2 + (−3s − t + u) 2 + 2(r + 3s − t − u) 2 .
(3.3) Let x = λ+7s+t+u, y = −r−2s+2t−u, z = −3s−t+u, w = r+3s−t−u. Then the desired result follows from (3.3).
(iii) Let R(x, y, z) = 3x 2 + 5y 2 + 14z 2 + 2xy. Since the discriminant of R is 196, thus when prime p ∈ {2, 7}, R(x, y, z) is unimodular in Z p and hence R(x, y, z) can represent all p-adic integers over can be represented by gen(R). Furthermore, by [8] we know that R(x, y, z) is a regular form, hence 14n 2 − λ 2 can be represented by R(x, y, z). Set h(x, y, z) = x 2 + 14y 2 + 42z 2 . We have the identity:
h(3x + y, y, z) = 3R(x, y, z).
Thus there exist a, b, w ∈ Z with 2 ∤ a such that 42n
Without loss of generality, we assume that a ≡ 2λ (mod 7) (otherwise we replace a by −a). Since 42n
, by changing the sign of b if necessary, we assume that b ≡ a (mod 3). Since a ≡ 2λ (mod 7) and 2 ∤ a, thus there is an r ∈ {0, 1, 2} such that a ≡ −5λ − 14r (mod 14) and a ≡ −5λ − 14r (mod 3). By Chinese Remainder Theorem, we may set a = 42s − 5λ − 14r with s ∈ Z. Since b ≡ a (mod 3), there exist an integer t such that b = 3t + λ − 5r. Then we have
Let x = λ − 5s + t, y = −3r + 4s + t, z = 2r − s − t. Then the desired result follows from (3.4). In view of the above, the proof of Theorem 1.2 is now complete.
Proof of Theorem 1.3. Let R * (x, y, z) = 3x 2 + 5y 2 + 7z 2 + 2xy. Since the discriminant of R * is 98, thus when the prime p ∈ {2, 7}, R * (x, y, z) is unimodular in Z p and hence it can represent all p-adic integers over Z p . When p = 7, R * (x, y, z) is Z 7 -equivalent to the form 3x 2 − 7y 2 + 7z 2 . Since 7 ∤ λ, and note that both −4λ 2 and 3 are non-quadratic residue modulo 7.
By Hensel's Lemma, it is easy to see that 14n − 4λ 2 can be represented by R * (x, y, z) over Z 7 . When p = 2, we set 
and {8m + 2, 8m + 4, 16m + 6 :
Since 2n−2λ ≡ 2 (mod 4), we have 14·(2n)−4λ 2 ≡ 14(2n−2λ) ≡ 4 (mod 8).
Also since 2n + 1 − 2λ ≡ 1 (mod 8), we have 14 · (2n + 1) − 4λ 2 ≡ 2 (mod 4) and 14 · (2n + 1) − 4λ 2 ≡ 14 · (2n + 1 − 2λ) ≡ 14 (mod 16). Thus by (3.5) and (3.6), when n satisfies the conditions described in Theorem 1.3, 14(2n + δ) − 4λ 2 can be represented by gen(R * ). Moreover, by [8] we know that R * (x, y, z) is a regular form. This implies that 14(2n + δ) − 4λ 2 can be represented by R * (x, y, z) whenever n satisfies the conditions in Theorem 1.3. Let l(x, y, z) = x 2 + 14y 2 + 35z 2 . We have the identity:
l(x + 5y, x, z) = 5R * (x, y, z). Hence by computation and Lemma 2.3, we get the desired results.
Proof of Theorem 1.4.
(1) It is easy to verify that each x ∈ I 3 satisfies the inequations x 2k < 4n and x 2k + 2x k + 4 > 3n. If n ≡ 2 (mod 4) and n > a k (3, 2), then by Lemma 4.2, we can find an even integer 2b in I 3 . Similarly, if n is odd and n > c k (3, 2), we can find a prime p ∈ I 3 . Then (i) of Theorem 1.4 follows from Lemma 4.1 (i). (2) Via computation, each x ∈ I 5 satisfies the inequations x 2k < 6n and 5n < x 2k + 2x k + 6. If 4 | n and n > a k (5, 6) (resp. a k (5, 4)), then we can find an integer 2b ∈ I 5 with n ≡ 2b and 3 ∤ 2b. If 2 ∤ n and n > c k (5, 6) (resp. a k (5, l4)), then we can find a prime p ∈ I 5 . Then (ii) and (iii) of Theorem 1.4 follow from parts (ii) and (iii) of Lemma 4.1 respectively. In view of the above, we complete the proof.
Some open problems
Inspired by Sun's 1-3-5 conjecture and part (i) of Theorem 1.4, we pose the following conjecture. exists a set S ⊆ N with density zero such that any sufficiently large integer can be written as x 2 +y 2 +z 2 +w 2 (x, y, z, w ∈ Z) with ax+by +cz +dw ∈ S.
In contrast with the above, motivated by Theorems 1.2-1.3, we pose the following conjecture.
Conjecture 5.2. For any a, b, c, d ∈ N with a 2 +b 2 +c 2 +d 2 = 0, there exists a finite set S ⊆ N such that any sufficiently large integer can be written as x 2 + y 2 + z 2 + 2w 2 (x, y, z, w ∈ Z) with ax + by + cz + dw ∈ S.
